One of the mechanisms which contribute to beam lifetime in electron storage rings is the quantum emission of energetic photons causing particles to be lost from the RF bucket. This quantum lifetime is among other things important in defining the required aperture in a storage ring. An approximate expression of quantum lifetime, predicted by a onedimensional model which takes into account only the betatron motion, has been used in most storage ring designs. If the beam is aperture-limited at a position with nonzero dispersion, both the betatron and synchrotron motions have to be included and a two-dimensional model must be used. In this paper we offer an exact expression of quantum lifetime for the one-dimensional case and an approximate expression for the two-dimensional case.
Introduction
The stationary particle distribution in an ideal electron storage ring in the presence of radiation damping and quantum fluctuations is well-known to be gaussian with infinitely long beam lifetime. 1, 2 This result has the limitation that the oscillation amplitude must not be limited. It is clear that in reality an aperture limit due to, for example, finite vacuum chamber size will truncate the gaussian distribution in the tail and modify the rest of the distribution accordingly. Furthermore, quantum fluctuations will increase the amplitude of particles until they hit the aperture and are lost so that the electron beam will have a finite quantum lifetime. The calculation of beam quantum lifetime is important for storage ring vacuum chamber designs. An approximate expression for the quantum lifetime in a one-dimensional case can be found in Refs. 1 and 2. If however, the electron beam is horizontally aperturelimited at a location with nonzero energy dispersion function so that the horizontal beam size at such a location contains both horizontal-betatron and synchrotron contributions, the one-dimensional treatment is not applicable. For this case it is necessary to perform a more complicated twodimensional calculation of quantum lifetime with both the betatron and synchrotron motions taken into consideration.
By using the Fokker-Planck equation1' 3 and an appropriate boundary condition, an exact expression for the quantum lifetime as well as the corresponding particle distribution in the one-dimensional case has been found in Ref. 4 Administration. where1 I2 D is the diffusion constant, ca is the radiation damping rate and a is the oscillation amplitude. In the presence of an aperture limitation such as a<A, the particle distribution is described by p(a, t) = e-t/ (a) (2) with r the quantum lifetime. It is the goal of this section to look for r and p(a).
Substituting Eq. (2) 
Our final expressions (7) and (8) are much easier to use than Eqs. (4) and (5 This result coincides with that obtained in Refs. 1 and 2. The difference between expressions (7) and (10) can be demonstrated by taking their ratio, yielding ye-Yh(y) with y=A2/2c2. The behavior of this function is shown in Fig. 1 . It can be seen that the difference is less than 10% if A> 5c (y>12. 5). Plotted in Fig. 2 is the form factor 1-h(a2/2cr2)/ h(A2/2cr2) which appeared in the distribution function {(a) of Eq. (8). This form factor describes the ratio of $(a) to the natural gaussian distribution p0, and it can be noticed from In order to use this formula, so far exact, one needs to know +. However, if A>>», Eq. (11) can be approximated by replacing 4 on the right-hand side by the natural gaussian distribution 00. Physically this means that the diffusion flux outward across the aperture boundary is approximately unaffected by the boundary. Under this approximation, Eq. (11) becomes Eq. (10). The simplicity of this method makes it possible to generalize to the two-dimensional case, as will be discussed in the following section.
Two-Dimensional Model
If the beam size is limited horizontally at a position with nonzero energy dispersion function, a two-dimensional calculation which includes both the horizontal-betatron and the synchrotron motions has to be considered. For simplicity, we ignore any coupling between the two dimensions. To find the corresponding beam lifetime r, we follow similar procedure as in the one-dimensional case and let the distribution function be l(ax, a6, t) = e-t/r (ax, a6) (12) where ax and a6 are the oscillation amplitudes in the horizontal betatron coordinate x and the synchrotron energy devi- 
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The ratio Ti/T's shown in Fig. 4 
In the following, we will assume a, = 2ax, which is valid for many practical cases. Figure 3 shows the ratio of 
